Assume that K is a field, containing the full group of 4th roots of unity µ 4 , and char K = 2, 3. Let G be a finite non-abelian subgroup of GLn(K) for n = 3 or n = 4. The group G induces an action on K(x 1 , . . . , xn), the rational function field of n variables over K. Consider groups represented by matrices such that in each row and column there is exactly one element from µ 4 and all other elements are 0. With the aid of GAP [3] we find that there are precisely 230 such non-abelian groups in SL 4 (K) and 33 in GL 3 (K), up to conjugacy. We show that the fixed subfield K(x 1 , . . . , xn) G is rational (i.e. purely transcendental) over K for every such group G. We also give a positive answer to the Noether's problem for several families of groups of order m = 2 a · 3 b , where a ≥ 2 and b = 0, 1.
Permutational Actions
Let us recall first the definition of monomial actions (see e.g. [7] ). Let K be a field of char K = 2 and K(x 1 , . . . , x n ) the rational function field over K with n variables x 1 , . . . , x n . Let G be a finite subgroup of GL(n, Z) acting on K(x 1 , . . . , x n ) by
where K x = K\{0}. We call this action of G monomial. If c j (σ) = 1 for any σ ∈ G and any 1 ≤ j ≤ n then the action of G is called purely monomial.
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Let m = 2 a ·3 b for some a ≥ 2 and b ≥ 0. Assume that K is a field, containing the full group of mth roots of unity µ m = ζ m , and char K = 2, 3. Let K(x 1 , . . . , x n ) be the rational function field over K with n variables x 1 , . . . , x n . Let G be a finite subgroup of GL(n, K) acting on K(x 1 , . . . , x n ) by
where j i = j k for i = k. It is easily verified that this action is well-defined. Indeed, if σ and τ are defined by equations such as (1.2), then the action of στ −1 is again of the same type. We call this action of G permutational. Each automorphism from G then is represented by a matrix of size n, such that in each row and column there is exactly one element from µ m and all other elements are 0. Let us now recall some well-known results. having a three dimensional permutational action (1.2) , where c j (σ) ∈ µ 4 for all σ ∈ G, 1 ≤ j ≤ 3. It is easily seen that the maximal subgroup of GL 3 (K) with permutational action is of order 384 = 3 · 2 7 . Denote it by G 384 . With the help of [3] we obtain that G 384 is generated by the matrices The matrices σ 1 , σ 2 and iI generate a Sylow 2-subgroup G 128 , which is isomorphic to G 32 × C 4 , where G 32 is generated by σ 1 , σ 2 , and C 4 is generated by iI. The group G 384 is isomorphic to G 96 × C 4 , where G 96 = G 384 ∩ SL 3 (K) is generated by σ 1 , σ 2 and ρ. Since the Sylow 2-subgroups are conjugate and each 2-subgroup is included in some Sylow 2-subgroup, we need to find only the non-conjugate subgroups of G 32 and G 96 .
The program code from Appendix A gives the following four non-conjugate proper subgroups of G 32 = σ 1 , σ 2 having rank 2 (i.e. with minimal number of generators 2). Three groups of order 8: 
There is only one non-abelian subgroup of G 32 having rank 3:
The program code from Appendix B gives the following four non-conjugate proper subgroups of G 96 = σ 1 , σ 2 , ρ having rank ≤ 3 and order 3 · 2 k :
, and a group of order 48 -G 48 = s 8 , s 2 , ρ , where
Additional verification shows that there is not any non-abelian subgroup of G 96 having rank 4 and order 3 · 2 k . In this way we have a total of 11 non-abelian 
Subgroups with Four-Dimensional Permutational Action
Let K be a field, containing the full group of 4th roots of unity µ 4 = i , and let char K = 2, 3. Our goal in this section is to describe all non-abelian subgroups in SL 4 (K) with a permutational action, up to conjugacy in the maximal subgroup with permutational action in GL 4 (K). It is easily verified that the maximal subgroup of GL(4, K) with permutational action is of order 6144 = 3 · 2048. Denote it by G 3·2048 . It is generated by the matrices m 1 , . . . , m 5 , ρ and iI 4 , where
The maximal subgroup of SL(4, K) with permutational action is of order 1536 = 3 · 512. Denote it by G 3·512 . It is generated by the matrices m 1 , . . . , m 5 , ρ. The matrices m j , 1 ≤ j ≤ 5, generate a Sylow 2-subgroup of G 3·512 . Denote it by G 512 .
Remark. The generating sets, given here are not minimal. Since the Sylow 2-subgroups are conjugate, we can reduce our computations to the description of a maximal family of pairwise non-conjugate 2-subgroups of G 512 , without loss of generality. Moreover, we will concentrate on the non-abelian subgroups of G 3·512 , since for the abelian 2-groups we can apply [8] . (Note that the exponent of G 512 is 8.) For the groups of order 3 we can apply [9] . We explain now the main steps of a GAP code which yields such a family of subgroups.
( (6) Similarly to the previous steps, we obtain that there are only 2 groups of rank 5, which are given in Table C .1 as well. There are no groups of rank 6.
Regarding the subgroups of order 3 · 2 k , we need to consider only the groups
where ρ 1 is of order 3. We may assume also that G 1 ≤ G 512 , by taking a conjugate of G, if necessary. The Sylow 3-subgroups are conjugate in G 3.512 , so ρ 1 = gρg −1 for some g ∈ G 3.512 .
With the aid of a GAP code resembling Steps (1)- (3), we obtain all non-abelian and pairwise non-conjugate subgroups of order 3 · 2 k of rank ≤ 3. They are 37 and are given in Table C. 2. There are no groups of rank 4. The time needed for the first step of the algorithm is approximately 8 hours on a CPU 2800 GHz. We have to point out that we can not generate all subgroups with 3 and more generators by brute force, since the time will increase significantly (approximately 500 k−2 · 8 hours for the subgroups with k ≥ 3 generators). Instead, our algorithm requires max 24 hours for each step.
The following matrices give important information for the structure of the groups displayed in Tables C.1 and C 
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Since M is normal in G 3·512 , we get that G∩M is normal in G for any subgroup G of G 3·512 . This allows us to make an appropriate base change so that we "descend" from the initial functional field to the fixed subfield of G ∩ M. In this way one can show explicitly the rationality for each group.
Applications to Noether's Problem
Let K be a field and G be a finite group. Let G act on the rational function field
We are going to give an affirmative answer to the Noether's problem for all groups described in Sec. 2, Tables C.1 and C.2.
Let K be a field, containing the full group of 4th roots of unity µ 4 = i , and let char K = 2, 3. Let G be isomorphic to any of the described groups. Since char K = 2, 3, the group algebra K[G] is semi-simple. Hence any three-or four-dimensional faithful representation can be embedded into the regular representation whose dual space is
G is rational over
G , which in turn is rational over K, as we have shown in Corollaries 1.5 and 1.6. The question naturally arises as to whether we can find more groups of orders 2 m+3 and 3 · 2 m+3 for m ≥ 0, which posses four dimensional permutational action over fields containing suitable roots of unity. In what follows, we are going to discuss several families of such groups in terms of generators and relations.
(I) Let G be a non-abelian group of order 8n, having a cyclic subgroup of index 2, where n = 3 k · 2 m for some m ≥ 0, k = 0, 1. Then G is generated by two elements σ and τ such that σ 4n = 1, τ 2 = σ a and τσ = σ r τ , where a, r ∈ Z should be subject to some restriction. For example, from
follows that r must be a solution to the congruence
Therefore r = 1 + 2s, where s ≡ 0 (mod 2n) is an integer such that
In order to find all different solutions to (4.1), we need to consider the solutions to (4.2) as classes mod 2n (rather than mod n). Clearly, trivial solutions to (4.2) are s = −1, n − 1 and s = n, whence r = −1, ±1 + 2n are solutions to (4.1). Now, if k = 0, i.e., G is a 2-group, the mentioned trivial solutions are the only solutions. In this case it is well-known that there exist exactly four nonisomorphic groups -the dihedral, semidihedral, quaternion and the modular group.
If k = 1, there is a non-trivial solution to (4.2). Since one of the numbers 2 m −1 or 2 m +1 is divisible by 3, we can put s = 2 m −1 or s = 2 m , respectively.
Assume now that the field K contains a primitive 2nth root of unity ζ.
Consider the group algebra K[G] and define X
we obtain a faithful permutational action, so from Corollary 1.6 it follows that K(x 1 , x 2 , x 3 , x 4 ) G is rational over K. Therefore, the Noether's problem has an affirmative answer. (II) Let G be a non-abelian group of order 16n, having a cyclic subgroup of index 4, where n = 3 k · 2 m for some m ≥ 0, k = 0, 1. Choose an element σ of order 4n. Assume additionally that C G (σ) = σ . Then G possesses an abelian subgroup H = σ, τ ∼ = C 4n × C 2 and has an element λ such that G = H, λ and λ 2 ∈ H. We must have λσλ
Assume again that the field K contains a primitive 2nth root of unity ζ.
Then σ 2 (X) = ζX and τX = X. Define x 1 = X, x 2 = σX, x 3 = λX, x 4 = λσX. In this way, we obtain a faithful permutational action, so again from Corollary 1.6 it follows that K( x 1 , x 2 , x 3 , x 4 ) G is rational over K.
(III) We will consider four types of 2-groups which are discussed in [2] :
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where a ≥ 1(a ≥ 2 in the SD -case) and b ≥ 1. Clearly, each of these presentations yields a group of order 2 a+b+1 .
Let G be isomorphic to any of the above groups. Assume that the field K contains a primitive 2 a th root of unity ζ and a primitive 2 b th root of unity ξ.
Define in the group algebra K[G] the elements
It is easily seen now that we obtain a faithful four-dimensional permutational action on K(x 1 , x 2 , x 3 , x 4 ), whence the answer to the Noether's problem is affirmative. 
g[j]
Generators 4, 4 c 4 , c 5 32
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